Introduction {#Sec1}
============

The preparation and manipulation of entangled systems is crucial for quantum technologies and more precisely, for quantum information. Despite the preparation of two-qubit entangled states, such as Einstein-Podolsky-Rosen (EPR) pairs, being well known, there is currently no available scheme for states made of multi-partite entangled states in general. The main reason lies in the fact that, in the multi-partite setting, states emerge in different classes, and transforming a state in a given class into a state in another class via stochastic local operations and classical communication (SLOCC) is, in general, not possible. Among basic classes, preparing an n-qubit Greenberger-Horne-Zeilinger (GHZ) state or a cluster (graph) state is relatively simple. That is, starting with one qubit in $\documentclass[12pt]{minimal}
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However, due to its more sophisticated structure, an intense effort has been devoted into developing methods for an efficient preparation of *W* states of *n*-qubits, which have form $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{n}$$\end{document}$. Instead of attempting at preparing the *W* state of multi-partite entangled states with a predetermined size from initially separable qubits, progressive approaches based on fusion or expansion of existing smaller size states have been widely recognized as a solution. First proposed and further improved for polarization-based encoded photons^[@CR3]--[@CR12]^, these approaches have been considered for electronic *W* states too, requiring atom-cavity interactions^[@CR13]--[@CR18]^, and also followed by different generation approaches, e.g., using quantum eraser and^[@CR19]^, spin torque^[@CR20]^, parity check gates^[@CR21]^ and so on on^[@CR22],[@CR23]^.

Solid state systems such as quantum dots and nitrogen-vacancy centers in diamond have also been considered for preparing *W* states of photonic qubits, as well as electronic qubits^[@CR24]--[@CR26]^. However, in these proposals, either photonic qubits are required for assisting the preparation process of electronic qubits, or conversely. Therefore, these proposals do require cavity-based systems to promote interactions between photons and electronic spins, rendering practical implementation far more challenging both technologically and experimentally. Despite the importance of such a scheme for quantum computation applications, there are currently no proposals for the preparation of *W* states that do not require a cavity. This is particularly true in solid-state systems and especially semiconductors whereas these are recognised as the most reliable and industry-compatible platforms for quantum information processing platforms. Within possible architectures, double quantum dots are one of the simplest systems in which spin qubits with reasonably long coherence time have been demonstrated^[@CR27],[@CR28]^. In this work, considering spin of electrons in a double quantum dot (DQD) system, we propose a setup utilising the Pauli spin blockade (PSB) as a key element to fuse *W* states in a DQD system. PSB is a spin-based transport blockade due to Pauli exclusion principle and in a two electron regime DDQ system, if the electrons trapped in the dots have antiparallel spins, then interdot tunneling can exist, whilst the tunneling between the dots are blocked if the trapped electrons have parallel spins.

The PSB regime in DQDs is a promising candidate for probing fundamental physics. After being first observed in coupled quantum dots (QDs)^[@CR29]^, this quantum effect was studied in a few-electron dots in combination with a sensor for reading the QD charge states^[@CR30]--[@CR35]^. PSB is now commonly used in several applications such as spin-to-charge conversion that has led to investigations into spin relaxation times^[@CR36],[@CR37]^, electron spin coupling to nuclear spins^[@CR38]^, as well as spin-orbit effects^[@CR39]^.

The fusion approach for the *W* states was first introduced in ref. ^[@CR3]^ when dealing with polarisation-based encoded photons. Similarly to photons, the proposal here is to access only a single electron in each *W* state to be fused in order to create a larger *W* state. We denote  $\documentclass[12pt]{minimal}
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                \begin{document}$${W}_{2}=\frac{1}{\sqrt{2}}\left(\left|\downarrow \uparrow \right\rangle +\left|\uparrow \downarrow \right\rangle \right)$$\end{document}$.Figure 1Network of driven (input) electrons and DQDs capacitively coupled with side gate 1 (sg1) and side gate 2 (sg2) which can tune the energy level of the dots. The two dots are tunnel-coupled (the subscripts R,m and L stand for right, mutual and left, respectively) with each other and with the source and drain. An attempt to fuse two *W* states, *W*~*A*~ and *W*~*B*~ via Pauli spin blockade (PSB) is as follows: One electron from each *W* state is sent to corresponding QD. Utilising charge sensing technique, observing no PSB implies a successful fusion as explained in the text.

Results {#Sec2}
=======

In order to fuse two *W* states each with a single spin-up electron and create a larger *W* state, again with a single spin-up electron, one of the electrons either from *W*~*A*~ or *W*~*B*~ (subject to the fusion operation) should be found in a spin-up state, and the other in a spin-down state, i.e. the two electrons should have anti-parallel spins, without revealing which one is spin-up and which one is spin-down. The spin configuration of the two electrons is then revealed by charge sensing (Table [1](#Tab1){ref-type="table"}). If electrons are found to have parallel spins, then two cases are possible:Table 1Four possible cases of fusion mechanism with corresponding probabilities. No Pauli spin blockade (PSB) implies a successful fusion of *W* states, whereas the presence of PSB implies either a recyclable case or a failure. Utilising charge sensor, absence of PSB implies a successful fusion.InputProbabilityPSBResult*↓*, *↓*$\documentclass[12pt]{minimal}
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(i)Both spins are spin-down and no fusion occurs. The *W* states are kept intact each with a single electron loss as $$\documentclass[12pt]{minimal}
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                \begin{document}$${\left|{W}_{n}\right\rangle }_{a}\otimes {\left|{W}_{m}\right\rangle }_{b}\to {\left|{W}_{n-1}\right\rangle }_{a}\otimes {\left|{W}_{m-1}\right\rangle }_{b}.$$\end{document}$$However, one can attempt at fusing these two states again given that *n*, *m*≥2. Therefore this result is named 'recyclable case'. There have been extensive analytical and numerical Monte Carlo simulations demonstrating that these recyclable states can reduce the resource cost in terms of the amount of entanglement spent to achieve a target size^[@CR3]--[@CR6],[@CR40]^.(ii)Both spins are spin-up states. In this case, both *W* states have collapsed to a separable state with all the electrons in the spin-down state: $$\documentclass[12pt]{minimal}
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                \begin{document}$${\left|{W}_{n}\right\rangle }_{a}\otimes {\left|{W}_{m}\right\rangle }_{b}\to {\left|\downarrow \right\rangle }_{a}\otimes {\left|\downarrow \right\rangle }_{b}.$$\end{document}$$Both *W* states are destroyed irrespectively of their sizes. There is no possibility of recycling the electrons and consequently, this is a 'failure case'. We should stress that, as it is, this setup does not allow distinguishing the failure from the recycle case. Therefore, the recycle case can be regarded as a failure case at a cost of not utilising the recyclable states. Nevertheless, improvements in the scheme as described later will allow turning the failure case into a success case, removing the initial need for such a distinction.

However, if the electrons are found in opposite states, the fusion is achieved and the two *W* states are transformed into a larger single *W* state and $$\documentclass[12pt]{minimal}
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                \begin{document}$${\left|{W}_{n}\right\rangle }_{a}\otimes {\left|{W}_{m}\right\rangle }_{b}\to \left|{W}_{n+m-2}\right\rangle .$$\end{document}$$ The fusion scheme works as follow. Each *W* state provide each dot with a single electron by allowing tunneling via the side injection contacts A and B (Fig. [1](#Fig1){ref-type="fig"}). Once the electrons are added onto the QDs, the PSB is checked by the charge sensor and the spin states of the DQD are determined. In case of absence of PSB, either a current through the DQD is detected or a change in the reflective signal is observed, if one uses standard transport measurement or radio-frequency reflectometry^[@CR41]^. This scheme works as long as the additional voltages applied to A and B that allow single electrons to tunnel through do not significantly disturb the PSB regime while avoiding electrons tunneling out of the dots via the source and drain reservoirs. In practice, such an electrostatic arrangement can be found by mapping the tunneling rates of the tunnel barriers and finding the appropriate tuning that allow the PSB measurement and the fusion to be done.

For the purpose of demonstration, the special case where *n* = *m* = 3 is discussed in details as this is the smallest *W* state number that our setup can fuse. In this case, and using Eqs. [2](#Equ2){ref-type=""} and [3](#Equ3){ref-type=""}, the two states  $\documentclass[12pt]{minimal}
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Provided that the PSB sensing is performed much faster than the coherence time and that the remaining electrons of the *W* states are kept undisturbed in their quantum memories, the proposed scheme can evaluate the success of the state preparation as well as realise the fusion process itself (Table [1](#Tab1){ref-type="table"}). Despite the drawback of loosing two qubits and an inherently probabilistic success, this is an advantage over deterministic preparation approaches, where multi-qubit controlled gates are required^[@CR9],[@CR10]^. Both our proposal for electron spins (Fig. [1](#Fig1){ref-type="fig"}) and Özdemir' scheme^[@CR3]^ for photons can fuse *W* states containing a minimum of 3-qubits each, the preparation of 2-qubit *W* states requiring a dedicated scheme.

While the recycle case only decreases the size of the initial states by one qubit, the failure case is catastrophic for the large-scale *W* states as both *W* states are destroyed. In order to overcome this problem, an enhanced fusion proposal was put forward in ref. ^[@CR4]^ to integrate a Fredkin gate and to employ an ancillary photon. It was later demonstrated that when using a Fredkin gate - that is realised by one Toffoli gate and two CNOT gates, only one Toffoli gate and one CNOT gate are indeed sufficient to realise the enhanced fusion operation^[@CR8]^, due to limited number of input states. A similar approach can be taken here. A Toffoli gate followed by a CNOT gate is placed before the DQD device (Fig. [2](#Fig2){ref-type="fig"}). Qubits coming from the *W* states act as control qubits while an ancillary electron in spin-down state acts as the target qubit. This allows performing the operations $$\documentclass[12pt]{minimal}
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In our improved setup, the enhancement is achieved as long as the gate operations are performed before electrons enter the DQD device and so, it is not a requirement to build these gates at the DQD level, which simplify drastically the device design and voltage pulsing scheme. Zajac *et al*. have recently demonstrated CNOT gate operations in a DQD^[@CR42]^. Since Toffoli gates can be realised in terms of CNOT gates, such a setup for electrons can be realised in DQDs with current technology. CNOT and Toffoli gates can also be realised for electrons in hybrid systems^[@CR43],[@CR44]^, implying there may be several alternative implementation techniques for our enhanced setup, which could possible utilise the Hadamard gate for spin qubits in QDs performing the operation^[@CR27]^  $\documentclass[12pt]{minimal}
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However, one critical issue is noise, in particular charge noise and spin orbit coupling, which limits the coherence time of the electron spins in the DQD. With progress in fabrication techniques like etching and surface reconstruction, improvement in material quality^[@CR46]^ and advancement in pulsing schemes (dynamical decoupling like the Carr-Purcell-Meiboom-Gill pulse protocol^[@CR47],[@CR48]^), the coherence time have been significantly extended to few tens of *μ*s for QDs^[@CR49]^ or even tens of ms for spins in DQDs^[@CR28]^. The state preparation in our setup consists of two basic steps: the injection of electrons from the *W* states into the DQD and the PSB sensing. The former can be performed in a few hundreds of picoseconds^[@CR50]^. Depending on the method employed, the latter can be realised in a few ns if one uses radiofrequency reflectometry^[@CR51],[@CR52]^ to few hundreds of ns for other methods^[@CR53]^. In all cases, the spin is conserved during the tunnelling events. Indeed, the non spin conservation probability is proportional to the difference in the g-factors across the barrier. However, the uniformity of the material and the symmetry of the quantum dots render this probability negligible in practice^[@CR54]^. This makes the experimental realisation of fused states possible with the current state-of-art technologies and techniques. Experimental non-idealities is obviously affecting the success of the state preparation. Assuming that the probability for an electron spin (taken from a *W* state) to be flipped during the overall process is *p*, the possible output probabilities are: (i) *p*(1 − *p*) for the recycle case, (ii) (1−*p*)^2^ + *p*^2^ in case of success and, (iii) *p*(1 − *p*) for a failure case. Therefore, the resultant state is not a pure $\documentclass[12pt]{minimal}
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                \begin{document}$$\left|{W}_{n+m-2}\right\rangle $$\end{document}$ state. Because of this, there will be occasions where the result may be interpreted with some probability as a recycle or a failure and so, the successfully prepared *W*~*n*+*m*−2~ state may be wrongly discarded in these cases. This increase in the resource cost *R* as been discussed elsewhere^[@CR3]^ and, in the ideal case, *R*\[*W*~*n*+*m*−2~\] = (*R*\[*W*~*n*~\] + *R*\[*W*~*m*~\])∕*P*~*s*~(*n*, *m*), where *P*~*s*~(*n*, *m*) is the probability of successfully fusing two *W* states of *n* and *m* qubits, and *R*\[*W*~*n*~\] the resource cost of a *W* state of *n* qubits.

In a noisy setup, a successful case will be detected with probability (1−*p*)^2^ + *p*^2^ and so, the new resource cost becomes $$\documentclass[12pt]{minimal}
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                \begin{document}$${R}^{{\prime} }[{W}_{n+m-2}]=\frac{{R}^{{\prime} }[{W}_{n}]+{R}^{{\prime} }[{W}_{m}]}{{P}_{s}(n,m)[{(1-p)}^{2}+{p}^{2}]}.$$\end{document}$$ The expected probability of spin flips during the fusion process is relatively small in practice, because in the absence of an external magnetic field, the probability of spin flip is linearly dependent on the electron concentration and inversely proportional the lifetime of spins. In the low electron regime, the latter become preponderant and depends on the spin-orbit coupling (SOC) strength. In the absence of interface and even surface, the SOC is generally negligible in silicon but somehow more important in III-V material due to the intrinsic presence of non-zero nuclear spin moments. However, the previous derivations of the fidelity and the resource cost do apply to any *W*-state fusion process for any physical qubits in a relevant fusion mechanism.

Discussion {#Sec3}
==========

We should mention that the previous discussion concerns the possibility of implementing the fusion process with currently available technology only, and not the way of storing a multipartite entangled state in a quantum memory which is itself a separate problem. For each physical qubit (atomic, photonic or electronic), the basic assumption in preparing a large-scale multipartite entangled state is either having a suitable quantum memory, or preparing the setup in a scalable way so that no memory is required and the prepared entangled state is immediately used in the algorithm within the coherence time of the state. On the other hand, as photonic qubits are optimal for communication, solid state qubits are optimal for storage. In particular, electrons in quantum dots are promising for their long coherence times, suggesting that preparing a large-scale multipartite entangled state of electronic qubits would be much practical than photonic qubits, for example.

We have proposed a simple setup for preparing large-scale *W* states of electron spins, based on Pauli spin blockade in DQD devices that could be implemented with the currently available technologies. Unlike previous proposals, our scheme does not require photon assistance and therefore cavity-based systems. We also described how to enhance the basic fusion setup using logic gates and an ancillary electron spin. We believe the fusion scheme we proposed in this study has the potential to open up a number of new quantum dots-based multipartite entanglement creation and manipulation mechanisms.

Methods {#Sec4}
=======

In general, DQD devices have both dots coupled to each other and to the reservoirs by tunnel barriers but are only capacitively coupled to gate electrodes. The latter aims at controlling energy levels of individual dot as well as the tunneling rates between the two dots. The charge configuration of the DQD is generally depicted by the pair (*n*, *m*) that corresponds to the number of electrons on the left and right dot, respectively. Here, the DQD is tuned such that the charge transitions involve the transport cycle (0, 1) → (1, 1) → (0, 2) → (0, 1) in the PSB regime. Simple model of two electrons in a DQD can be written in the basis of three charge configurations $\documentclass[12pt]{minimal}
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                \begin{document}$$H=\left(\begin{array}{ccc}{H}_{20} & T & 0\\ T & {H}_{11} & T\\ 0 & T & {H}_{02}\end{array}\right)$$\end{document}$$ Transport between QDs is determined by the relative positions of their electrochemical potentials *μ*~*l*~(*n*, *m*) ≡ *E*(*n*, *m*) − *E*(*n* − 1, *m*) and *μ*~*r*~(*n*, *m*) ≡ *E*(*n*, *m*) − *E*(*n*, *m* − 1), where *E* denotes the total energy of the system and *n* and *m* denote number of electrons in left and right quantum dot, respectively^[@CR55]^. In the absence of an external magnetic field, the ground state is a singlet state formed by a pair of electrons with anti-parallel spins and localised on each quantum dot. In this case, inter-dot tunneling is allowed and current flows through the device (Fig. [3](#Fig3){ref-type="fig"} (above)). On the contrary, if electrons have parallel spins (triplet state), the tunneling between the dots is blocked due to Pauli exclusion principle and no inter-dot tunneling occurs (Fig. [3](#Fig3){ref-type="fig"} (below)). However, in non-ideal conditions, electron tunneling between dots in PSB regime can also be observed due to leakage processes which induce spin-flips and singlet to triplet transitions. These cases fall mostly under two categories depending on their origin:Figure 3DQD in the Pauli spin blockade regime. (above) Quantum dots are coupled to source and drain. Because of the energy difference tuned by side gates, electrons can only run from the left to the right lead. *t* is inter-dot tunnel coupling and *Γ* is tunneling rate. (below) Energy diagram of spin-conserving inter-dot coupling. Since the only accessible (0,2) state is a spin singlet, all (1,1) states are not coupled to the (0,2) state and hence the current is blocked.

(i)Spin-orbit coupling (SOC): the electron spins interact with the magnetic field created by the tunneling of electrons between the two dots and the surrounded electric field induced either naturally by the crystal lattice (Rashba or Dresselhaus) or by an external voltage bias. In this situation, the spin degeneracy is lifted and the fluctuations in the electron-phonon interaction may compensate the Zeeman energy, leading to spin relaxation^[@CR56]^.(ii)Hyperfine interaction: Interaction of electron spins with the surrounding nuclear spins can induce a similar process, mixing the spin states *T*(1, 1) with *S*(1, 1) and resulting in *T*(1, 1) → *S*(1, 1) → *S*(2, 0) transition leakage current^[@CR57]--[@CR59]^. Despite this mechanism, it is possible to infer whether electrons in the DQD had anti-parallel or parallel spins initially. In order to avoid misinterpretation of the state preparation in the results, this effect is included in our model.
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